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ABSTRACT

—* This thesis addresses the design and analysis of discrete
lateral autopilots for apglication to BTT missiles.

The first part review;&:the classical design and analysis of
the continuous uncoupled yaw and roll channels, as developed in
(Ref. 6]. -Then, applying analog-to-digital conversion, the
corresponding discrete autopilots were designed and analyzed in
terms of their transient responses.

The second partgﬁiilizdg modern control design technniques for
the single-input discrete lateral autopilots. At first, assuming

availability of all states for feedback purposes, a discrete

state-feedback autopilot,was obtained. Next, since the state

3
vector is not always available to direct measurement,,ap estimator
) /

was introduced to implement control. The state-feedback and

ooy
estimator designs,K were analyzed for both lateral channels and

found to have satisfactory time responses.

Finally, coupling the discrete pitch and roll channel

e
autopilots, a state-feedback and estimator were.designed and
¢

found to be robust. )
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4.8 MIN ADD IN SV vs Frequency; Coupled Pitch and Roll
Channel Autopilot; Estimator Design; Discrete Closed
Loop System; Circular Airframe —-eecececccacccccncacaoa- 14y
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BTT

CBTT

OPTSYS

ORACLS

TABLE OF SYMBOLS AND ABBREVIATIONS

Bank-to-Turn

Coordinated Bank-to~Turn (minimum sideslip, positive
X, ¢, &180°)

rolling moment coefficient

change in rolling moment coefficient (Cl) per degree
roll control incidence (JR)

pitching moment coefficient

slope of curve of pitching moment coefficient (Cn) Vs
angle-of-attack

normal force coefficient
yawing moment coefficient

slope of curve of yawing moment coefficient (<,) vs
angle-of-sideslip (3)

change in yawing moment coefficient (¢,) per degree
yaw control incidence (o)

side force coefficient

slope of curve of side force coefficient (cy) vs
angle-of-sideslip (3 )

change in side force coefficient ((Y) per degree yaw
control incidence (5&)

reference length for coefficients
moment of inertia about éB axis
moment of inertia about §5 axis
Optimal System Control Fortran Program

Optimum Regulator Analysis and Control of Linear
Systems

roll rate about ZB




rv_vvv—v.‘

N Jaoc

M 2

P
POC
POPLAR
q

q

roll acceleratio

Preferred Orient

n about XB

ation Control

Pole Placement and Robustness Design Program

dynamic pressure
pitch rate about

yaw angular rate

yaw angular rate command (coordinated command)

Y

about ZB

yaw angular acceleration about 58

reference are fo

r coefficients

Skid-to~Turn {(roll attitude stabilized)

velocity component in §5 direction

velocity component in }g direction (assumed constant)

constant missile flight path velocity

missile velocity

vector

velocity component in 55 direction

missile weight

body-fixed roll axis (along axis of symmetry, positive

forward)

body-fixed pitch axis (positive forward)

body-fixed yaw axis (forms right-handed orthogonal

system with ;B a
achieved normal
achieved normal
achieved normal

achieved normal

normal acceleration command from guidance computer in

nd ¥v. )

73
acceleration in
acceleration in
acceleration in

acceleration in

[}

&

Net
<

<Xy

direction
direction
direction

direction

EV direction plus anti-gravity bias command

16
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normal acceleration guidance command in )& direction

iy
& roll attitude command from guidance computer (zero ,";,é
< degrees in -Z direction and 90 degrees in Y, direction) Lo
.-:':-:::-":
q roll attitude (zero degrees in-zv direction and 90 Qjﬁi
degrees in y  direction) fog
Yy * o
e elevation Euler Angle (second rotation) !
azimuth Euler angle (first rotaticn about Yy )
¥ : %y
S pitch control incidence (positive tail incidence
P produces negative pitching moment)
‘SP commanded pitch control incidence
<
EY yaw control incidence (positive tail incidence produces
negative yawing moment)
EY commanded yaw control incidence
[
gR roll control incidence (positive tail incidence
produces positive rolling moment)
ER commanded roll control incidence
<
X, constant or equilibrium angle-of-attack
x angle~-of-attack
g angle-of-sideslip

17




A e DA A M R 2 ) p v ) B fadh S B, &4 R R WU -, Y W T T R T,

v ACKNOWLEDGEMENT

¥
"

o

The author wishes to express his sincere appreciation to

LS

Professor Daniel J. Collins whose guidance, assistance and
encouragement contributed immeasurably to this research.
The author would alsoc like to dedicate this thesis to his

wife I 2nd his son I for their constant support,

patience and understanding.



W Y eV ALY WP T s b,

AR SN

~a’s

B U T R L
LU

(OIS O~ S S S N A e Mt M it A e N L i A et e S A St e A A AR A A R A AR R e d Al Sk Bl T f ek d Lol R R
A el Ak Sub bl m C Sl Aeh ol e

I. INTRODUCTION

Modern tactical missiles require increased stand-off ranges
and need to meet threats from highly maneuverable air targets.
The high maneuverability of air targets has directed the use of
defence missiles capable to develop higher 1ift accelerations and
more complex control laws. In order to accomplish the
requirement of large stand-off ranges, propulsion systems using
air-breathing engines have been studied and developed in recent
years. The advent of air-breathing engines has naturally led to
the consideration of BTT missiles in order to minimize the inlet
angle-of-attack.

The necessity of more complex control laws has introduced the
application of modern control and estimation theory, since more
complicated information of the missiles states are needed. 23TT
controlled missiles are generally characterized by increased
maneuverability and considerable drag reduction over conventional
cruciform, roll stabilized STT controlled missiles. Certain
limitations in technology [Ref. 1] have delayed the development
of BTT control systems, and consequently any progress in the area
of BTT autopilots.

Major technological improvements during the last decade, as
the availability of advanced digital computers, reopened the
issue and made BTT control feasible in spite the added complexity

of control laws for the autopilots. In addition, certain types *";
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of ramjet engines [Ref. 2], which are candidate propulsion

FE

systems for modern tactical mission requirements of range and
high altitude [Ref.3], have presented a need for a missile control
- technique to maintain effective inlet flow. This was the main

reason for given further impetus to the investigation and

LA

development of BTT control.
Despite the fact that BTT steering may provide improved

performance for a missile system, there are still unanswered

) o7

questions concerning stability during homing phase, guidance
performance, autopilot guidance logic and subsystem requirements.
All these questions have to be investigated and properly answered
in order for BTT steering to be considered as a viable control
method for high performance missiles.
i During the past decade many missile programs [Ref. 3] were
; initiated to improve the capability of steering tactical missile
via BTT control with results that have greatly advanced the
' understanding of the various missile subsystems. In the
autopilot area many different types have been designed and
developed. All of them force the missile to roll or bank, so that
the steering maneuver occurs with the missile axis oriented in a
specific or preferred direction with respect to the incoming
airstream. This class of autopilots is usually known as PQOC
autopilots.

The main criterion for the selection of a particular type of
autopilot is based upon the guidance, airframe and propulsion

system requirements. Generally, missiles with either one or two

20
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planes of symmetry use a POC autopilot which forces the missile
to bank in order to turn as an aircraft. 1If this motion is
coordinated, then the autopilot is referred to as a CBTT
autopilot.

In the guidance area, radome aberation effects for frequency
guidance are of major concern [Ref. 3] and are being investigated
in great extent. Also, the interaction between BTT control,
antenna stabilization and sensor orientation are scme of the
additional concerns that have to be properly addressed. However,
simplified studies [Ref. 4], which neglect radome effects and
assume that the missile motion is entirely coordinated, have
proven that BTT control can provide acceptable performance with
roll rates that are not excessive for autopilot design. These
studies were made for a medium range area and long suppression
mission, and considered both high lift (i.e., planar) and
moderate lift (i.e., cruciform) airframe configurations.

In order to take full advantage of CBTT control, planar
airframes have been designed to increase the lifting capability
in one direction without the weight and drag penalty associated
with orthogonal lifting surfaces [Ref. 5]. These airframes have
aerodynamic properties characterized by increased potential to
enhance CBTT control.

The present thesis addresses the design and analysis of
discrete lateral autopilots for application to CBTT missiles.

The first part reviewed the design procedure of the two

individual lateral channels as developed by Arrow [Ref. 6]. The
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design was performed using classical techniques and involved the
uncoupled yaw and roll channels for the elliptical and circular
airframes respectively. The resulted continuous open loop
designs were analyzed in terms of their transient and frequency
responses and found to be in accordance with the desired
requirements specified in [Ref. 6]. Then, applying analog-to-
digital conversion, the corresponding discrete lateral autopilots
were obtained and analyzed.

The second part utilized modern control design methods to the
already discussed discrete single-input lateral autopilots. This
allowed comparison with the preceding classical design, and more
importantly established a technique to extend some of the results
to the more general multivariable case. At first, assuming
availability of all states for feedback purposes, application of
the Ackermann formula led to a discrete state-feedback designed

autopilot. Next, since the state vector of the state-feedback

model is not usually accessible to direct measurement, an estimator

was introduced as an additional dynamic design in order to
implement control to the original system. The state-feedback and
estimator designed autopilots were analyzed for both lateral
channels and found to have satisfactory responses.

¥inally, coupling the discrete pitch and roll channel
autopilots, the state-feedback and estimator designs were
obtained and proved to be robust.

The analysis in all the above cases was performed using the

existed at Naval Postgraduate School OPTSYS and ORACLS Fo:. tran

22
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program for the continuous and discrete systenms respectively.
Additionally, the last part that dealt with the coupled pitch and
roll channel autopilot utilized the POPLAR design program

developed by Gordon [Ref. 7].
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' IT. CLASSICAL DESIGN AND ANALYSIS QF LINEAR UNCOUPLED Lf”"
l LATERAL AUTOQPILOTS

A. GENERAL :
i The initial phase in the design of lateral CBTT autopilots - l“ﬁ

involved the desigzn and analysis of the individual uncoupled
lateral char-nels (i.e., yaw and roll) with prescribed

- relationships between speeds-of-response. These relationships ERT
when coupled with the corresponding ones of the longitudinal
uncoupled channel (i.e., pitch) would meet the requirements of
the overall CBTT autopilot.

The uncoupled autopilot design method was classical and used
a combination of frequency response and root locus techniques.

i Utilization of this particular design method led to the
achievement of practical bandwidths (i.e., sufficient high
frequency attenuation), and in turn provided the range of required

i missile body angular rates and control motions. In addition, tn=2
resulting desizn minimized the influence of aerodynamic
variations on desired responses. The application of the

- uncoupled channels to the whole CBTT autopilot was accomplished
by an appropriate choice of the relative time constants of the
individual channels. In order to achieve the desired maneuver
plane acceleration the roll channel was designed to have a time
constant of 0.5 seconds. The yaw unccocupled channel, which
fcllows the roll motion to produce the required coordination

(i.e., minimization of sideslip angle), is designed to have a

24




more rapid response with a time constant of 0.39 seconds for tne
circular airframe. The detailed requirements for the classicszl
design of the uncoup®ad yaw and roll channel autopilots are
presented in Appendix A.

A fixed flight condition (i.e., constant Mach number and
altitude) was selected for this preliminary performance study.
Fixed flight conditions are typically used in autopilot designs
to identify and cure critical areas of concern. When autopilot
requirements are satisfied at fixed flight conditions, then areas
of concern caused by varying them are addressed. The selected
flight condition of 60000 feet altitude and Mach number 3.95
provided sufficient dynamic pressure, so that the missile
maneuvers resulted in large enough angles-of-attack to exercise
sideslip control. Aerodynamic data for this particular flight
condition are provided in Appendix A.

The aerodynamic models developed for stability studies in the
frequency domain were linearized about a trim angle-of-attack for
both lateral channels. The following three assumptions w=are

made:

1. The plane AB - 25 of Figure 2.1 was the maneuver plane.

2. The missile was trimmed in pitch (i.e., M],z 0, at fixed
values of X , q, andik.
Rather than use the assumption that the missile roll rate is

approximately zero as it is normally done for the roll stabilized

3TT control, the following assumption was made for BTT:
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3. The missile roll rate was constant,
Linearized aerodynamic derivatives are given in Appendix C.

In this chapter the analysis of both continuous and discrete
uncoupled lateral channels of a BTT autopilot was based on the
transient and frequency responses of maneuver plane accelerations,
body angular rates and tail incidence angles. A general block
diagram of a BTT autopilot with all its channels is shown in
Figure 2.2. Inertial acceleration command were applied in polar
coordinates (i.e., magnitude of the command nc applied to piteh
and the direction qk to roll autopilot). The yaw autopilot was
slaved to the roll autopilot in order to minimize the yaw and
roll motions. Achieved maneuver plane accelerations in
rectangular coordinates (i.e., Ng and ”Y ) were determined by
resolving achieved body-fixed accelerations (i.e., Nz and iy )
through missile roll rate (i.e., Euler angles 6 and 4 were

assumed to be sufficiently small).

B. AIRFRAME CONFIGURATIONS

The two airframe configurations studied in this work were
taken from [Ref. 6] and are shown in Figure 2.3 and Figure 2.4.
Although the configuration in Figure 2.3 reveals a body of
circular cross section and that of Figure 2.4 an elliptical one,
both airframes have the same cross sectional area distribution.
In specific, the circular cross sectional body has a closure
ratio Abase/Amax of 0.69 with Amax occurring at 68% missile body,

whereas the elliptical airframe has a 3:1 cross section.
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Both airframe configurations are tail-controlled using four

identical control surfaces which are located flush with the body

o

PR
et

v,
4
T

base with a +30° dihedral. 1In the case of the elliptical body,

s 'l‘
P
e \..:'

the hinge line was skewed such that a 10° control deflection

r
4

measured at the body-tail juncture had a resultant 7.04° surface

LI .
S0
KA

. ,'_"

deflection. Thus, the aerodynamic control effectiveness in terms
of deflection measured at the body-tail is lower for the
elliptical airframe although it is nearly the same in terms of
resultant surface deflection.

The total span of the mono~wings is the same for each
configuration, which results in larger wing area for the circular
airframe. The wing area and span for the circular airframe were
chosen as typical of current maneuvering missiles. The wing for
the elliptical concept was determined by projecting the
elliptical body on the circular body-wing planform. The resultant

when exposed wing planform became the wing for the elliptical

body.
Comparison of the elliptical airframe with the corresponding
circular indicates the following:
'. About 30% more normal force that is nearly independent of ;N;J
angle-of-attack can be achieved at supersonic speeds.
2. Values of longitudinal stability parameter an(are more

positive, and with more pronounced nonlinearities in ‘ i

pitching moment at subsonic speeds,

(WS
.

Levels of directional stability are increased and more

compatible with levels of longitudinal str-5ility. S
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4, More yaw control is available although suitable locations
for tails on the body are more limited because of the
geometry of the elliptical airframe,

The two airframe configurations were sized to provide
realistic geometric and mass properties. The details are

presented in Appendix D.

C. UNCOUPLED YAW CHANNEL AUTOPILOT FOR ELLIPTICAL AIRFRAME
The purpose of the uncoupled yaw channel autopilot of a CBTT

missile is to minimize the sideslip angle (%), or provide

coordinate motion between the yaw and roll channels, The easiest
Wway to accomplish this is by designing the uncoupled yaw channel
(i.e., roll and pitch dynamic effects neglected) as a regulator
(i.e., no guidance command and with rate and acceleration
feedback) to help minimize the sideslip angle.

A block diagram of the uncoupled yaw channel is shown in

Figure 2.5. 1In this diagram both the aerodynamic model and yaw
control law are involved. The normal acceleration (., ) is not
t e

used to command the CBTT autopilot. Instead, it is used for the

design and analysis of the uncoupled channel. The command used by S

the coupled system is shown in dashed lines and is a yaw angular

B A
. l . v e [

'
1
R R

rate command (rc). The yaw control law shown in Figure 2.6 [Ref.

= 6] is governed by missile body angular rate (r) and yaw normal

R VN

& acceleration (;L{). At the flight condition of interest (i.e.,

60 kft altitude and Mach number 3.95) the yaw control law

determines the required command (EY } to an actuator which is
<
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approximated as a first-order lag at 30 Hz. The rate compensator
computes the high frequency attenuation and is used to minimize
aerodynamic variations on the quality of the regulator. On the
other hand, the acceleration compensator measures the acceleration
bandwidth via the time constant of the acceleration response of)\m.

1. Transfer Functions of Aerodynamic Model

The aerodynamic transfer functions of the uncoupled yaw

channel autopilot are:

AR £
Z  k(-AE+RBRC) TTIEEL Iy St
—= - °Kf A;+w§c) (deg/sec/deg) (I1.C.1-1)
o - —s. AK o4y
c <
g 2
i\ -dEvEC Agrgc St
i c 2 = (g's/deg) (I1.C.1-2)
i Y - - AK +1
c C .
where:
o ;
M= T I1 -3
W g (I1.C.1-3)
) 5
1 - (
8 W 105 (I1.C.1-4) |
Y g
- (5735} S -
¢ = " " (I1.C.1-3)
tzz 3 O
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E ~ (57 ) Et S 5{ ’:E’_.-_:s
177 (I1.C.1-6) ST
(654

K= ——V:—— (II.C.1-T7)

Substituting the values of aerodynamic da%ta (Table VII),

linearized aerodynamic derivatives (Table VIII), and geometric

and mass properties (Table IX), equations (II.C.1-3) through e
(IT.C.1-7) become: u_
Az -0.1351 (II1.C.1-8) 2
B = 0.0436 (I1.C.1-9) L
C = -17.2748 (II.C.1-10) L
E = 34.5495 (II.C.1-11)
K = 0.4823 (I1.C.1-12)
Introducing the above equations (II.C.1-8) through : %
(I1.C.1-12) to (II.C.1-1) and (II.C.1-2), the aerodynamic ‘

transfer functions of the uncoupled yaw channel for the circular I,

airframe and zero angle-nf-attack can be obtained.

a. Transfer Function of Yaw Angular Rate:

{ o o—

z 015 (_——.O >+l) R

S —— z 4 ’Li? (II.C.1-13) S
T (o) () o
4.5 -4 25 S

b. Transfer Function of Yaw Normal Acceleration:

P 1 3 \ i s

", 17 7¢ (11.48”1/) (—77?@5”) SO
r ;fj) ( ! ;+%) (II.C.1-14) S
1577 s gatte
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Rearranging the above transfer functions in terms of the

variable pairs (r, 5Y) and (ny, ZY) respectively, they become:

2510049425 ~1S.2815 £:- E.€6 3y s -4 TR2L, (II.C.1-15)

1
Nes +0.0494 an-’IS.lQ{s“nT: 34625 ‘ST Sooots oys-324.6801 0, (11.¢.1-16)

Applying inverse Laplace transformation, the following

set of linear differential equations can be cbtained:

ZH.04G4 7 18,2515 £:-36 §€ ¢y =2 T422 L (11 1o17)

(II.C.1-18)

Both equations (II.C.1-17) and (II.C.1-18) form a second-
order system of linear differential equations in which the
forcing function involves derivative terms. Using rules of

state-space representation [Ref. 8] the following equations are

obtained:

X = X, -36.6¢€ &y (II.C.1-19)
X, 18,2515 X -C.0494.,-C. 9312 ¢y (I1.C.1-20)
Z, = 23 -01234 (II.c.1-21)
2) = 15.45152-0.0494 2,- 25C.655S ¢ (I11.C.1-22)
z = >, (IT.C.1-23)
Z = Xx,-3C.Ec ¢y (IT.C.1-24)
N, = 7 42 4625 n, (1I.C.1-25)
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2. Egquations of Yaw Control Law and Actuator

a, Acceleration Compensator Equation
The acceleration compensator equation obtained from
Figure 2.6 is:

) 0.31946
CAs+1

.C.2~
r)Y_nYc) (II C 1)

Rearranging and applying inverse Laplace transforma-
tion, (II.C.2-1) turns into the following linear differential
equation:

y =-S5y +1.59731, -1.5973 Ny, (11.C.2-2)

Substituting equation (II.C.1-25) into (II.C.2-2),
the last becomes:
y;'l,S?/‘S’Z‘ -Sy+ 395540y - 15913 i (I1.C.2-3)
| b. Rate Compensator Equation -

The rate compensator equation alsc obtained from

Figure 2.5 is: Sl

| 4,55 (—1,—51»1) (II.C.2-4)

, (e A
"YC =z - ( >/1-Z)

pl

Rearranging and applying inverse Laplace transforma-
tion to (II.C.2-5), it turns into: - -
fTC: CAES ytL4ES i+ 485y r 4S5 (II.C.2-5)

Substituting equations (II.C.1-23), (II.C.1-24) and

(II.C.2-3) into the above, it becomes:

LT eaSX FLAESNCTTHTZ,4 2425715 5144 g e TTET (II.

(@}
N
|
[ea)
’
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o] Actuator Equation

a The actuator equation obtained from Figure 2.5 is:

- 1 -
. Sy = " 1 CYC (IT1.C.2-7)
: — S+
f‘ 168.4

Rearranging and applying inverse Laplace transforma-

tion, the last equation turns into:
' 5 =188 4c, -188435 I1.C.2-8
i 3. Design Approach and Analysis of Continuous System
; Utilizing state-space representation, the equations
? (IT.C.1=-19) through (II.C.1-22), (II.C.2-2) (II.C.2-6) and
| (I1.C.2-8) can be modeled in a seventh-order system of the form

x=Fx+Gu. The continuous plant system and input matrixes F and G
ﬁi are shown in Table I, and the state vector is:
] -~ -
| xl
. XX
;.‘ Z’ i
i 4,
. >/
r -
- [
5 P (I1.C.3-1)
5 Sy
- OO
? where the state variables are:

X1, Xoi! yaw angular rates
f: 24, Zp: yaw normal accelerations
? N4 : output of acceleration compensator
:Y~ ! 1input command in the actuator
[

- o yaw tail incidence
- 1
o
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Executing the OPTSYS program, using an input step .

function which represents "1 gee command" at zero trim angle-of- %
WO

attack, the pole-zero and time and frequency response plots are %ﬁﬁ
NN

obtained. e
N

The pole-zero plot of Figure 2.7 indicates that the

continuous open loop system is stable, since the s-plane poles

are:

5=~ 174.37¢ (I1.C.3-2) |
Sy=-6.1042 +} 10.€35€ (11.C.3-3)
S5=-61042-51C.&639¢ (II.c.at) '-'t':.ié-:f?
Sq.= -C.CUTATS +) 408919 (11.C.3-5) RO
Sg =-0.C2T475-34CS919 (11.0.3-6)

Se 2 -2 RIE+)2.99929 (II.C.3-7)

572-2.9298 -2 95924 (II.C.3-8)

The time response plots of the yaw normal acceleration, angular
rate and tail incidence are shown in Figures 2.8 through 2.10.
In particular the yaw normal acceleration time response plot has

a 0.39 seconds time constant, 7% overshoot and a steady-state

error of 0.018. These results are in accordance with the
requirements referred in Appendix A, that is a time constant of
0.4 seconds, overshoot less than 10% and steady-state error not
necessarily equal to zero. All the above three time response

plots are identical with those presented in [Ref. 6].

Figures 2.11 through 2.16 show the frequency response :{;?

plots of the yaw normal acceleration, angular rate and tail
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o
incidence, from which the phase crossover frequencies and gain EES
margins of Table Il can be obtained. The positive gain and phase S&i
margins of the open loop system ensure the relative stability of 3:;
the closed loop (controlled) system. Eiﬁ

4, Design Approach and Analysis of Discrete System §$ﬁ

Utilizing analog-to-digital conversion by the aid of DA
ORACLS program and for a sample period of 0.0125 seconds, a é
seventh-order discrete system of the form x(k+1)=Ax(k)+Bu(k) is ;ﬁ;
obtained. The discrete pant system and input matrices A and B -
are shown in Table III. :E

The pole-zero plot of Figure 2,17 indicates that the ;?i
discrete open loop system is also stable, since the z-plane T:'
poles are:
Z:=(3J15Cﬂ6 (II.C.u4-1)
Zy=C 916354+ 0.12286 (11.C.%-2) e
Zg: C.919354- 0122862 (I1.C.4-3) RS
Zy = 996422+ 00510766 (IT.C.L4-U) .J
Zs = 0794422 -; L.CSICTSS (11.C.4-5) S
Z, - C.9€35¢5+,0.03¢134¢ (11.C.46)
Z7 =G 7ES5ES -y C OIS (II.C.4-T)

The time response plots of the yaw normal acceleration, s

angular rate and tail incidence for the discrete uncoupled yaw

channel are presented in Figures 2.18 through 2.20. A close
observation of these plots indicates that they are identical with
those of the continuocus classical system found in the previous

section. N
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D. UNCOUPLED ROLL CHANNEL AUTOPILOT FOR CIRCULAR AIRFRAME

The uncoupled roll channel autopllot of a CBTT missile is
commanded to roll the missile so as to put the pfé?érred maneuver
direction in the direction of the guidance acceleration command.
The desired maneuver plane acceleration should be attained as
rapidly as the achieved body-fixed pitch acceleration. To
accomplish this, the uncoupled roll channel autopilot (i.e., yaw
and roll dynamic effects neglected) was designed to have the roll
angle time oonstant’equal to the time constant of the normal
acceleration achieved by the uncoupled pitch channel autopilot.

A block diagram of the uncoupled roll channel is sﬁown in
Figure 2.21., In this diégram both the aerodynamic model and roll
contreol law are involved. The roll control law shown in Figure
2.22 1is commanded by roll angle (@Q) and go?erned by roll angular
rate (p) and rcll angle (§).

The design and analysis of the uncoupled roli channel
autopilot was performed in this section for the stable at zero
angle-of-attack circular airframe.

1. Transfer Functions of Aerodynamic Model

The aerodynamic transfer functions of the uncoupled roll

channel autopilot obtained from Figure 2,21 are:-

a. Transfer Function of Roll Angular Rate:

” = “R (II.D.1-1)
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o b. Transfer Function of Roll Angle:

1
& (II.D.1-2) P
¢ 5P
Substituting the values of aerodynamic data (Table VII), g
linearized aerodynamic derivatives (Table VIII) and geometric and . Fé*{

mass properties (Table IX), equation (II.D.1-~1) becomes
ps = 8.03462 cp (II.D.1-3)

Applying inverse Laplace transformation to equations

(I1.D.1-2) and (II.D.1-3), the following set of linear

differential equations is obtained:

8.03462 5& (I1.D.1-1) @;;Qi

T e
n

p (IT.D.1-5)

= 2
n

2. Equations of Roll Control Law and Actuator

a. Roll Angle Compensator Equation C

The roll angle compensator equation obtained from R0

Figure 2.22 is: Aifﬁ

ISR

- f'._- .-(._1

Z.2 T

Xz ——— (d.-q) (II.D.2-1) S

=+ T,

& e
Rearranging and applying inverse Laplace

transformation (II.D.2-1) turns into the following linear A

. . . "—.—'!

differential equation: RO

X = =17.64 - 8X + 17.64, (II.D.2-2) L

b. Rate Compensator Equation ﬁﬁ}}

4

The rate compensator equation also obtained from

Figure 2.22 is:

S
;o ’J’SCCS(—!_::*‘J') .y
Ve (Z+1) (X-?) (I1.D.2-3)
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Rearranging and applying inverse Laplace transforma-
tion to (II.D.2-3), it turns into:
Y + 5Y = 0.0502X - 0.0502p + 0.75325X - 0.75325p (II.D.2-4)

Substituting equations (II.D.1-4) and (II.D.2-2) into
(II.D.2~4), the last becomes:
¥:-0.7532p-0.883520%0.35165X-5Y-0. 403345, +0.883529,  (II.D.2-5)

¢. Pseudo-Differential Equation
The pseudo-differential eauation obtained from Figure

2.22 is:
2. 0153033 ¢

= 4]

(=]

S 2 I1.D.2-6
X, = ( )

Rearranging and applying inverse Laplace
transformation to (II.D.2-6), it turns into:
X, = -6X; + 0.078198p (I1.D.2-7)
Substituting equation (II.D.1-4) into (II.D.2-7), the
last becomes:
X, = - 6X; + 0.628291 &y (11.D.2-8)
d. Equation of Actuator Compensator
The equation of actuator compensator obtained from

Figure 2.22 is:

5|

+1

ST
v
"

CY-X;) (II.D.2-9)

,Iw

U

t1

Rearranging and applying inverse Laplace transforma-

tion to (II.D.2-9), it turns into:

R, =-15cg, +0.13636Y-0.13636X,+15Y-15X, (II.D.2-10)
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Substituting equations (II.D.2-5) and (II.D.2-8) into
(II.D.2-10), the last becomes:
Cg 2= CICAI p -C ROAS G +O CATISX SIS Y-IISIAK, 15 &g -GIHCET ¢+ 1L HE
(II1.D.2-11)
e. Actuator Equation

The actuator equation obtained from Figure 2.21 is:

> 573

g = I T aRL (II.D.2-12)
[Ec 4
Rearranging and applying inverse Laplace
transformation, the last equation turns into:
< < -
<y o= . ., =188.4 O .D.2-1
R 10795 BZcKC 88.4 R (1I1.D.2-13)

3. Design Approach and Ana ysis of Continuous System

Utilizing state-space representation, the equations
(I1.0.1-4%), (rr.p.1-s5), (11.p.2-2), (1r.n.2-5), (II.D.2-8),
(I1.D.2-11), and (II.D.2-13) can be modeled in a seventh-order
system of the form x=Fx+Gu. The continuous plant system and
input matrices‘f and g are shown in Table IV, and the state

vector is:
f

—~ X6 -y

X(K) =
} (II.D.3-1)

bu

T

.




where the state variables are:
o} roll angular rate
b roll angle
X : output of roll angle compensator
Y : output or rate compensator
X output of pseudo-differentiator
ERL : input command in the actuator

i 5k : roll tail incidence

Executing the OPTSYS program, using an input step

function which represents "1 gee command" at zero trim angle-of-
} attack, the pole-zero and time and frequency response plots are o

obtained.

The pole-zero plot of Figure 2,23 indicates that the

I continuous open loop system is stable, since the s-plane poles —
are ‘
,ﬂ = -174.785 (roll angular rate) (IT.D.3-2)

. 5, = -9.25097+j28.4098 (roll angle) (II.D.3-3)

>z = =-9.25097-328.4098 (output of roll angle compensator) et
(II.D.3=4) e

% T -2.46608+j2.71152 (output of rate compensator network) Tt
(II.D-3-5) —

S; = -2.46608-32.71152 (output of pseudo-differentiator)
(I1.D.3-6)
’ Sg = -8.98209 (input command in the actuator) (II.D.3-7) :?Q*
$, = -5.19932 (roll tail incidence) (I1.D.3-8) =
The time response plots of the roll angle, angular rate I{
} and tail incidence are shown in Figure 2.24 through 2.26. 1In .
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particular, the roll angle time response plot has a 0.55 seconds
time constant, 3% overshoot and a steady-state equal to zero.
These results are in accordance with the requirements referred in
Appendix A, that is a time constant of 0.5 seconds, overshoot

less than 10% and zero steady-state roll angle error. All the

above three time response plots are identical with those

presented in [Ref. 6].
Figures 2.27 through 2.32 show the frequency response ;*cx!

plots of the roll angle, angular rate and tail incidence, from :

which the phase crossover frequencies and gain margins of Table

V can be obtained. The positive gain and phase margins of the

open loop system ensure the relative stability of the closed loop

(controlled) system,.
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TABLE V

PHASE CROSSOVER FREQUENCIES AND GAIN MARGINS; UNCOUPLED ROLL
CHANNEL AUTOPILOT; CLASSICAL DESIGN CONTINUOUS OPEN LOOP SYSTEM;
CIRCULAR AIRFRAME

PHASE CROSSOVER GAIN

FREQUENCY (rad/sec) MARGIN (db)
ROLL ANGLE () 10.0461 60.2165
ROLL ANGULAR RATE (p) 10.0461 60.2165

ROLL TAIL INCIDENCE (EK) - —
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4. Design Approach and Analysis of Discrete System

Utilizing analog-to~digital conversion by the aid of
ORACLS program and for a sample period of 0.0125 seconds, a
seventh-order discrete system of the form §(K+1)=§§(k)+ Bu(k) is
obtained. The discrete plant system and input matrices A and B
are shown in Table VI.

The pole-zero plot of Figure 2,33 indicates that the

discrete open loop system is also stable, since the z-plane poles

are:
<, = 0.0992805 (roll angular rate) (II.D.4-1)
Zi = 0.835216+3j0.309736 (roll angle) (IT.D.4-2)
Zz = 0.835216-30.309736 (output of roll angle compensator)
(II.D.4-3)
Zy3 = 0.969087+J0.0328588 (output of rate compensator network)
(I1.D.h4-4)
Zs = 0.969087-30.0328588 (output of pseudo-differentiator)
(IT.D.4-5)
Ze = 0.893797 (input command in the actuator) (II.D.4-6)
z, = 0.937075 (roll tail incidence) (II.D.4-7)

The time response plots of the roll angle, angular rate
and tail incidence for the discrete uncoupled roll channel are
presented in Figures 2.34 through 2.36. A close observation of
these plots indicates that they are identical with those of the

continuous classical system found in the previous section.
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ITI. MODERN CONTROL DESIGN AND ANALYSIS COF LINEAR
UNCOUPLED LATERAL AUTOPILOTS

A. GENERAL

The task of this chapter is the design and analysis of the
same discrete uncoupled lateral channel autopilots discussed in
the previous chapter, using different techniques which are based
on modern control formulation. The difference in the two
approaches is entirely in the design method since the end result,

a set of difference equations providing control, is identical.

Modern control theory is contrasted with the classical
control theory in that the former is applicable to multi-input-

multi-output systems, which may be linear or nonlinear time-

invariant or time-varying, while the latter is applicable only to ;~;!
linear time-invariant single-input-single-output systems. Also, .
modern control theory is essentially a time-domain approach,
while the conventional classical control theory is a complex

frequency-domain approach.

System design in classical control theory is based on trial-
and-error procedures which, in general, will not yield optimal i
control systems. System design in modern control theory, on the
other hand, enables the design of optimal control systems of
great complexity and good accuracy with respect to given K;f
performance indexes. In addition, design in modern control

theory can be carried out for a class of inputs instead of

85

................................ P Y
. IR

.- r e
3 et e e e T e T T S e L RN ) STt et TR L N - -
O St 3 PN Y PRI LIPS PPN TN PGP PEP R BT P PRSI VOO SRR DR S WP TN ST 3 SN VTS

............ D
........ S




specific input function, such as the impulse, step or sinusoidal

- B r o€y
ACRRE TR
g
.
-
o .
LY T, -

functions and can also include initial conditions.

v ¢
R
.
*

One of the most attractive features of modern control design

. % o= g
et
.

method is that the procedure consists of two independent steps.

[
S B
S g
Celdm Mty

One step assumes that all the system states are available for

feedback purposes. In general, even if this is not a practical

enough assumption since it needs a large number of sensors, it is
usually adopted in order to accomplish the first design step,

namely the control-law. The remaining step is the design of an
estimator which estimates the entire state vector, given

measurements of portion of the state provided by the system output
equation. The final control algorithm consists of the control-

law and estimator combined, where the control-law calculations

are based ~n the estimated states rather than the actual states.

This substitution is reasonable and the combined désign can give .
closed loop characteristics which are unchanged from those

assumed in designing the control-law and estimator separately.

B. DISCRETE STATE-FEEDBACK DESIGN

Considering the following discrete control system:

X(K+1) = Ax(k) + Bu(k) (III.B.1-1)
Y(k) = Hx(k) (III.B.1-2)

the control-law design is also referred to as state-feedback

design since it is simply the feedback of a linear combination of

all the system states, that is:

a(k) = Fx(k) (III.B.1-3)

where F: control-law gain vector
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Thus, the characteristic equation of the controlled (closed loop)

system is: ‘1“4

N -‘u
)
4,

det (zI-A+BF) = 0 (III.B.1-4)

..l
+ .
K

The discrete state-feedback design, providing that the system is

7 :'.
Y

»

Iy

[}
P

controllable, consists then of finding the control-law gain
vector F so that the roots of (III.B.1-4) are in desirable

locations.

A program logic for computing the control-law gain vector via
the Ackermann's formula is given in Appendix E [Ref. 9].
Utilizing this control algorithm a Fortran program was written ?Qifh
(Appendix F) which has as inputs the sample period, the discrete |
plant system and control input matrices, the s-plane poles and

provides as output the control-law gain vector.

1. Uncoupled Yaw Channel for Elliptical Airframe

a. Control-Law Gain Vector
Executing the Ackermann Fortran program described in
Appendix F with inputs:

(1) Sample period of 0.0125 seconds

(2) Discrete plant system and control input matrices A and B ;ﬁbl
of Table III e

(3) S-plane poles defined in equations (II.C.3-2) through
(I1.C.3=8)

the following control-law gain vector for the elliptical airframe
cf the uncoupled yaw channel is obtained:

F=z[-1.0195 -0.109 -0.3492 0.0393 -0.6152 32.4775 -31.0868]
(II1.B.1-5)
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b. Design Approach and Analysis
The discrete state-feedback designed yaw autopilot
can be found by introducing the control-law gain vector of
(II.B.1-5) into the original system.
The pole-zero plot of Figure 3.1 indicates that the
discrete closed lop system is stable, since the z-plane closed

loop poles are:

Z, = 0.46461 (yaw angular rate) (II1.B.1-6)
Z, = 0.898888+30.137039 (III1.B.1=7)

Z, = 0.898888-3j0.137039 (yaw normal acceleration) (ITI.B.1-8)
Zq = 0.998423+30.051078 (III.B.1-9)

Zs = 0.998423-30.0510789 (output of acceleration compensator
network) (III.B.1-10)

Z, = 0.962974+30.0358712 (input command in the actuator)
(I11.B.1-11)

™N
~
"

0.962974-30.0358712 (yaw tail incidence) (III.B.1-12)
The time response plots of the yaw normal
acceleration, angular rate and tail incidence are presented in
Figures 3.2 through 3.4. A close observation of the above pole-
zero and time response plots for the discrete yaw state-feedback
design indicates that they are identical with those of the
discrete classical design found in the previous chapter.
c. Simplified Design

The discrete state-feedback designed autopilot of the
previous section can be simplified by reducing the returning gain
loops. This can be accomplished by placing zeros into appropriate

elements of the control-law gain vector:
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F=[-1.0195 -0.109 =-0.3492 0 -0.6152 32.4775 -31.0868]
- (III.B.1-13)

The pole-~zero and time response plots of the
resulting simplified state-feedback yaw autopilot, shown in
Figures 3.5 through 3.8, do not present significant differences
from the corresponding plots of the discrete classical design
apart from the overshoot which was slightly increased. The
discrete closed loop system is again stable, since the z-plane

closed loop poles are:

Z, = 0.467984 JITIL.B.1-14)
Z, = 0.891328+30.126019 (III.B.1-15)

ﬂ Zgz = 0.891328-30.126019 (III.B.1-16)
Z, = 0.998422+3j0.0510788 (II1.B.1-17)
Zs = 0.998422-30.0510788 (III1.B.1.18)
Z. = 0.969075+30.0429695 (IIT.B.1-19)
Zr = 0.969075-3j0.0429695 (III.B.1-20)

2. Uncoupled Roll Channel for Circular Airframe
a. Control-Law Gain Vector
E Following the same procedure as in the yaw channel
j® case apart from the use of discrete matrices A and _B from Table

III and s-plane poles from (II.D.3-2) through (II.D.3-8), the

control-law gain vector for the circular airframe roll channel

r was found to be:

F=[0 0.0004 0 0.0178 -0.0179 -1.499 0.0023] (IIT.B.2-1)
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b. Design Approach and Analysis

The discrete state-feedback designed roll autopilct

can be found by introducing the control-law gain vector of

(III.B.2-1) into the original system.

The pole-zero plot of Figure 3.9 indicates that the

discrete closed loop system 1s stable, since the z-plane closed

loop poles are:

Z,

AN

0
0

.0989714 (roll angular rate) (II1.B.2-2)
.832909+j0.315088 (roll angle) (111.B.2-3)
.832909-3j0.315088 (output of roll angle compensator)

(III.B.2-4)

.969236+3j0.0333773 (output of rate compensator network)

(II1.B.2-5)

.969236-3j0.0333773 (output of pseudo-differentiator)

(II1.B.2-6)
.896583 (input command in the actuator) (ITI.B.2-7)
.938233 (roll tail incidence) (II1.B.2-8)

The time response plots of the roll angle, angular

rate and tail incidence are presented in Figures 3.10 through

3.12.

A close observation of the above pole-zero and time

response plots for the discrete roll state-feedback design

indicates that they are identical with those of the discrete

classical design found in the previous chapter.

c. Simplified Design

The state-feedback roll designed autopilot can bs

simplified by reducing the returning gain loops as follows:

F=[0 0 0 0.178 -0.0179 -1.499 0] (ITI.B-2-9)
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The pole-zero and time response plots of the
resulting simplified state-feedback roll autopilot, shown in
Figures 3.13 through 3.16, do not present significant differences
from the corresponding plots of the discrete classical design.
The discrete closed loop system is again stable, since the z-

plane closed loop poles are:

Z, = 0.0992745 (III.B.2-10)
<, = 0.836632+30.305719 (III.B.2-11)
Zz = 0.836632-30.305719 (III.B.2-12)
Z4 = 0.967647+30.0334948 (III.B.2-13)
Z5 = 0.9676U47-50.0334948 (III.B.2-14)
Z¢ = 0.895937 (III.B.2-15)
Z7 = 0.938256 (III.B.2-16)

C. DISCRETE ESTIMATOR DESIGN

The state-feedback design discussed in the last section
assumed that all system states were available for feedback
purposes. Since the state vector is not always accessible to
direct measurement, an ?stimator is going to be introduced in
tnis section as an additional dynamic design in order to
implement control to the original system. The estimator design
method consists mainly of determining algorithms which will
reconstruct all the states, given measurements of a portion of

them.
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Considering the same as in the state-feedback case discrete
control system, a prediction estimator defined by the following
equation is introduced:

X(Re1) = AX(K) + Bu(k) + K[¥(k) - HE(K)] (IT1.C.1-1)
where %: estimate state vector

E: estimate gain vector

In this closed loop estimator, shown in Figure 3.17, the
difference between the measured and estimated output is fed back
and the model is constantly corrected with this error signal
which is defined as g=§-£. The difference equation describing
the behavior of the error is obtained by subtracting equation
from the actual plant output equation (II.B.1-2):

x(K+1) = [A - KH] X(k) (III1.C.1-2;
Thus the characteristic equation of the controlled (closed loop)

system is:

det (z{ - A+ gg) =0 (ITII.C.1-=3)
The discrete estimator design, providing that the system is
observable, consists then of finding the estimator gain vector K
so that the roots of (III.C.1-3) are at desirable locations.
The estimator gain vector can be obtained again, as in the
case of the state-feedback design, by application of the

Ackermann program of Appendix F with inputs the sample period,

the transposes of the discrete plant and output matrices, and

faster s-plane poles from those of the continucus system.
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1. Uncoupled Yaw Channel for Elliptical Airframe

a. Estimator Gain Vector

Executing the Ackermann Fortran program (Appendix F)

with inputs:

(1) Sample period of 0

.0125 seconds

(2) The transposes of the discrete yaw system plant and output

T

matrices, that is AT and Hq", where:

- -

Ny
"
(oNeNoNoNoN oI

L

(III.C.1-4)

(3) S-plane poles slightly faster than those of the continuous

open loop systen,

wn
n

-174.386

S, = -6.1142+310.6396

Se = =6.1142-310.6396

54 = =0.0227475+34.08919
Ss = -0.0227u75-ju.08919
S5 = =2.9396+32.99929

S; = -2.9396-32.99929

that is with more anegative real parts:

(III
(III.
(III.
(III.
(ITI.
(III

(III.

.C

C.

.C.

C

.1-5)
1-6)
L1=T)
.1-8)
.1-9)
1-10)

L1=11)

the transpose of the estimator gain vector for the elliptical

airframe of the uncoupled yaw channel is calculated as output,

from which the following

5 is obtained:

e e
o ' a a o
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[~0.0034 s
0.0008 G
-0.0003 .
K = | -0.0177 (III.C.1-12)
= 0.0005
~0.0017
~0.0240 |

b. Design Approach and Analysis
The discrete estimator designed yaw autopilot can be
found by introducing the estimator gain vector of (III.C.1-12)
into the original system.
The pole-zero plot of Figure 3.18 indicates that the
discrete closed loop system is stable, since the z-plane closed

loop poles were found to be:

Z, = 0.117115 (yaw angular rate) (III.C.1-13)

Z; = 0.918174+30.122926 (III.C.1-14)

Zs = 0.918174-30.122926 (yaw normal acceleration) (II1.C.1-15) -

Z, = 0.998399+30.0510958 (II1.C.1-16) »

Z, = 0.998399-3j0.0510958 (output of acceleration compensator ﬁ -
network) (III.C.1=-17)

Z

]

é 0.963249+3j0.0361306 (input command in the actuator)

:; (II1.C.1-18) Py
.E; Z, = 0.963249-30.0361306 (yaw tail incidence) (III.C.1~19) S
Ei The time response plots of the yaw normal fj*?
Ei acceleration, angular rate and tail incidence are presented in ;
k‘ Figures 3.19 through 3.21. A close observation of the above pole=-
Ei zero and time response plots of the discrete yaw estimator design ?f;
E; indicates ~hat they are very close to those of the discrete ;E;
: classical design found in the previous chapter. Eiiﬁ
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¢c. Simplified Design

The discrete estimator designed autopilot of the

3.7 ¥ ¥

GV AL

previous section can be simplified by reducing the returning gain

“"'

loops. This can be accomplished by placing zeros into

appropriate elements of the estimator gain vector:

-0.0034
0
0
~0.0177 (IT1.C.1-20)
0
-0.,0017
-0.0240 )

The pole-zero and time response plots of the

=
"

resulting simplified estimator yaw autopilot, shown in Figures
3.22 through 3.25, do not present significant differences from

the corresponding plots of the discrete classical design, apart

r
;: from the overshoot which was slightly increased. The discrete
a closed loop system is again stable, since the z-plane closed loop
o poles are:
Z, = 0.117117 (III.C.1=21)
Z, = 0.918434+30.122898 (III.C.1-22) T
Zz = 0.918434-30.122898 (III.C.1-23) A
- Z, = 0.998422+30.0510954 (III.C.1-24) —
. Zs = 0.998422-30.0510954 (ITII.C.1-25)
; Z¢ = 0.962965+30.0357874 (III.C.1-26) )
: Z; = 0.962965-30.0357874 (III.C.1-27) L
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2. Uncoupled Roll Channel for Circular Airframe

a. Estimator Gain Vector
Following the same procedure as in the yaw channel
case apart from the use of:
(1) The transpose of the discrete roll system plant matrix
(2) S-Plane poles slightly faster than those of the continuous

open loop roll system, that is:

S, = -184.795 (I1I.C.2-1)
Sy = =9.26097+328.4098 (I11.C.2-2)
S5 = =9.26097-3j28.4098 (III.C.2-3)
54 = -2.47608+3j2.71152 (III.C.2-4)
Ss = =2.47608-32.71152 (III.C.2-5)
S¢ = -8.99209 (III.C.2-6)
S; = =5.20032 (I1I.C.2-7)

the estimator gain vector for the circular airframe -'0ll channel

is obtained:

~

0.004
0
0

K = -0.0002 (IIT1.C.2-8)

0.0003
0

-0.0492J
b. Design Approach and Analysis
The discrete estimator designed roll autopilot can be

found by introducing the estimator gain vector of (III.C.2-8)

into the original system.
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The pole-zero plot of Figure 3.26 indicates %“hat thne
discrete closed loop system is stable, since the z-plane closed

loop poles were found to be:

;Z Z, = 0,0967149 (ITI.C.2-9)
Z, = 0.830876+30.31913 (III.C.2-10) -
Zz = 0.830876-30.31913 (III.C.2-11) -'ii
Z4 = 0.970259+30.0325175 (III.C.2-13) fff
Zs = 0.970259-30.0325179 (1II.C.2-14) L
Z, = 0.89477h (I11.C.2-15) i
Z7 = 0.937225 (III1.C.2-16) }f;i
] The time response plots of the roll angle, angular i_ni
rate and tail incidence are presented in Figures 3.27 through i ;3
3.29. A close observation of the above pole-zero and time i-fé
(‘ response plots for the discrete roll estimator design indicates ; ‘i

that they are very close to those of the discrete classical design

found in the previous chapter.
S

¢c. Simplified Design

ff The estimator roll designed autopilot can be

simplified by reducing the returning gain loops as follows:

_ - |
- 0 '-‘- .
“ O ‘\
. 0

: 0.0178 (III.C.2-17)
- K = -0.0179
- -1.499
0

The pole and time response plots of the resulting

simplified estimator roll autopilot, shown in Figures 3.30 —
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through 3.33, do not present significant differences from the

[

.-
E‘f -
EAAD

K corresponding plots of the discrete classical design. The }. Q
A _:.::_.' .‘_a
) discrete closed loop system is again stable, since the z-plane ﬁkx‘

closed loop poles are:

Z, = 0.0992745 (III.C.2-18)

Z; = 0.836632+30.305719 (III.C.2-19)

Z; = 0.836632-30.305719 (III.C.2-20)

Z, = 0.967647+30.0334948 (III.C.2-21)

Zso = 0.967647-30.0334948 (II1.C.2-22)

Z = 0.895937 (III.C.2-23)

Z7 = 0.938256 (I11.C.2-24)
. -
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IV. MODERN CONTROL DESIGN AND ROBUSTNESS ANALYSIS OF
COUPLED PITCH AND ROLL CHANNEL AUTOPILOQOT
CIRCULAR AIRFRAME

A. GENERAL

The present chapter deals with the modern control design and

robustness analysis of the discrete coupled pitch and roll

channel autopilot for the circular airframe configuration. The
continuous open loop coupled autopilot whose plant system and feami g
input matrices are presented in Appendix G is obtained by {?fif
coupling the linear uncoupled pitch [Ref. 10] and roll (Table IV)
channels. Then, utilizing analog-to-digital conversion by the e

aid of ORACLS program and for a sample period of 0.0125 seconds,

the seventeenth-order discrete coupled system with matrices shown ;}"Jf
in Appendix H is formulated. Next, introducing the control-law .-
and estimator designs were obtained and analyzed in terms of their
transient responses and the application of the POPLAR design
program [Ref. 7]. The POPLAR program is applied in order to

employ singular value analysis and the use of an optimization

routine to aid in pole placement control design of the above lij%i
discussed linear multivariable systems. The robustness of the ..
system is also considered by establishing singular value levels |
which correspond to multiloop gain and phase margins determined

from the universal gain phase system diagram developed by Newsom e —-

and Mukhapadhyay at NASA Langley.
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B. DISCRETE COUPLED STATE-FEEDBACK DESIGN

1. Design Approach and Analysis

The discrete coupled state-feedback designed autopilot is
formulated by introducing into the original control system of
Appendix H the following combined pitch [Ref. 10] and roll

(III.B.1-5) control-law gain vector.

[ -CClgE -QCiT -occer C.C49 . Co4L

. 1
> ~ !
o.ooc)l 1.{T3.  -2CI1€4 G.CI131 C < ‘
C &) @) O o)
o C 'S < S &
, C < C S C O oolue
o c.oi7e  -CCl79 -lL499 C.Ccl3
(IV.B.1-1)

The pole-zero plot of Figure 4.1 indicates that the
discrete coupled system is marginally stable, since the z-plane

closed loop poles are:

£, = 0.13446430.0320974 (IV.B.1-2)
Z, = 0.13446-30.0320974 (IV.B.1-3)
Zz = 0.89699+j0.0906457 (IV.B.1-4)
Z, = 0.89699~30.0906457 (IV.B.1-5)
Zo = 0.955624+30.0299994 (IV.B.1-6)
Z, = 0.953624-30.0299994 (IV.B.1-7)
£, = 0.998202 (IV.B.1-8)
o= 1 (IV.B.1-3)
£, = 0.995608+30.0830713 (IV.B.1-10)
Z, = 0.995608-30.0830713 (IV.B.1-11)
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¢ Z, = 0.0993086 (Iv.B.1-727 el

Z,, = 0.836555+30.306107 (I7.B.1-13)

Z3 = 0.836553-30.306107 (IV.B.1-14)

£4 = 0.967788+30.0334452 (IV.B.1-15)

Zc = 0.967788-30.0334452 (IV.B.1-16)

Z,¢ = 0.89573+30.938133 (IV.B.1-17)

Z,5 = 0.89573-30.938133 (IV.B.1-13)

The time response plots of the roll angle, angular rate

and tail incidence are presented in Figures 4.2 through 4.4, A

close observation of these plots indicate that they are identical
R.‘ with those of the discrete uncoupled state-feedback design of the
2 previous chapter.

2. Robustness Analysis

Executing the POPLAR design program of [Ref. 7] with
inputs the data presented in Appendix I, the minimum additive
input (MIN ADD IN SV) and output (SVADMO)'singular values were
computed from a frequency range from 0 to 200 rad/sec.

Figures 4.5 and 4.6 which are plots of SVADMO and MIN ADD
IN SV versus frequency indicate that the discrete coupled state-
feedback design is robust. It is noted that for very low
frequencies the values of SVADMO are above 0.8680,

Finally, in terms of optimization results, the ordered

computed eigenvalues are:

Z, = 0.07717 (IV.B.2-1)
Z, = 0.09855 (IV.B.2-2)
Zg = 0.25923 (IV.B.2-3)
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y/
0.069508 (IV.B.2-4) ]

Z. = 0.83707-30.3014 (IV.B.2-5) -

Z = 0.83707+30.3014 (IV.B.2-6) ﬁ;hj
2, = 0.89844 (IV.B.2-7) g&ﬁ%
£, = 0.90064 (IV.B.2-8)

Z, = 0.43996 (IV.B.2-9)

2, = 0.46207 (IV.B.2-10)

Z, = 0.96562-30.03401 (IV.B.2-11)

Z, = 0.96502+30.03401 (IV.B.2-12)

Z,; = 0.99559-3j0.08307 (IV.B.2-13)

Z4 = 0.99559+30.08307 (IV.B.2-14)

Zs = 0.99820 (IV.B.2-15)

Zy o=z 1 (IV.B.2-16)

Z7= 1.06546 (IV.B.2-17)

C. DISCRETE COUPLED ESTIMATOR DESIGN

1. Design Approach and Analysis

Following the same procedure as in the case of the state-
feedback but for the coupled estimator gain vector the pole-zero
and time response plots of the coupled estimator design are
obtained. The time responses are again identical with those of
the discrete uncoupled estimator design.

2. Robustness Analysis

Executing the POPLAR design program of [Ref. 7], Figures

4.7 and 4.8 are obtained which prove the robustness of the

system. It is noted that for very low frequencies the values of IR
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Finally, in terms of optimization

SVADMO are above 0.83976.

results the ordered computed eigenvalues are the same as in the

coupled state-feedback design.
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A.

V. CONCLUSIONS AND RECOMMENDATIONS

CONCLUSIONS

The goal of the present thesis was the design and analysis of

discrete lateral autcpilots for application to BTT missiles. The

following are the principal conclusions based on this work.

1.

B.

The continuous and discrete classical designed autopilots
were proved to have identical performances for the two
lateral channels.

The state~feedback and estimator autopilots were introduced
as additional dynamic designs in order to implement control
to the original system. Both designs, analyzed in terms of
their transient responses, were found to meet the desired
requirements.

The simplified state-feedback and estimator designs reduced
some of the returning gain loops, making the system
simpler, without any significant effects on the system's
performance.

The performance of the coupled pitch and roll channel
autopilot was found to be satisfactory and the overall
system proved to be robust.

RECOMMENDATIONS

In order to improve the simplicity of the overall system,

more returning gain loops of the state-feedback and estimator

design must be eliminated. A further investigation then must be

conducted in order to examine if the performance of the resulting

design remains unchanged.
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APPENDIX A

DESIGN REQUIREMENTS FOR UNCQUPLED AUTOPILOTS

The requirements for the c¢lassical design method of the
uncoupled channel autopilots [Ref. 6] are the following:

1. High Frequency Attentuation in Actuator Command Branch

a. Uncoupled Yaw Channel
It must be > 15 db at 100 rad/sec and zero angle-of-
attack and sideslip. This requirement will provide sufficient
high frequency attenuation for » 30 Hz actuator and for body
bending modes when high frequency filters are added, but it
limits the ability of the yaw autopilot to minimize sideslip
angle.
b. Uncoupled Roll Channel
It must be > 15 db at 100 rad/sec and zero angle-of-
attack. This will provide sufficient high frequency attenuation
for > 30 Hz actuator and for elastic modes when high frequency
filters are added, but this requirement limits the speed of roll
angle response.

2. Relative Stability for Both Lateral Channels

Gain margins » 6 db, phase margins > 30° with a goal of

12 db and 50°.

3. Acceleration Time Response

a. Uncoupled Yaw Channel

(1) 63% time constant of approximately 0.4 seconds.
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(2) Overshoot £ 10%.

(3) Steady-state error need not be zero.
b. Uncoupled Roll Channel

(1) 63% time constant of 0.5 seconds.

(Z) Overshoot £ 10%.

(3) Zero steady-state roll angle error.
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APPENDIX B

AERODYNAMIC DATA

The overall classical design developed by Arrow [Ref. 6] was
performed for the selected flight condition of Mach number 3.95
at 60000 feet altitude. The corresponding aerodynamic data
presented below were taken or derived from the ICA0 standard

atmosphere tables.

TABLE VII

AERODYNAMIC DATA (M=3.95, H=60kft)

Temperature, T (°R) 389.988

Sonic Velocity, a (ft/sec) 968.47

Pressure, p (1b/ft2) 149,78

Density, (lb-sec?/ft) 0.0002238

Velocity, V (ft/sec) 3825.U4565

Dynamic Pressure, § (1b/£t2) 1637.145
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APPENDIX C

LINEARIZED AERODYNAMIC DERIVATIVES

The linearized aerodynamic derivatives at the selected flight
condition and about a zero trim angle~of-attack are provided

below for both airframe configurations [Ref. 6].

TABLE VIII

LINEARIZED AERODYNAMIC DERIVATIVES
(M=3.95, H=60kft; a=0°9)

CIRCULAR ELLIPTICAL
CTB -0.065 -0.043
C”e -0.025 0.024
0.021 0.016
Ceo.
oy -0.050 -0.042
e;R 0.031 0.023
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APPENDIX D

MISSILE SIZING AND MASS PROPERTIES

In order to provide a realistic missile based on the
aerodynmamically tested configuration concepts [Ref. 5], the
models were assumed to be 1/6-scale and the mass properties were
developed corresponding to mass distribution which might be
expected for missiles of this size. All the geometric and mass

properties are presented in the following table.

TABLE IX

GEOMETRIC AND MASS PROPERTIES OF MISSILE CONFIGURATIONS

Circular Elliptical
Length, 1 (in) 168 168
Max. Diameter (in) 24
Max. Major Axis (in) 41,57
Max. Minor Axis (in) 13.86
¢c.g. distance from L.E. (in) 100.8(0.6 ) 100.8(0.6 )
Reference Length, d (ft) 2 2
Reference Area, S (ft) 1 n
Weight, W (1b) 2525 2475
Iex (slug-ftz) uo 4o
I,, (slug-ft2) 810 853
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APPENDIX E

PROGRAM LOGIC FOR APPLICATION OF ACKERMANN'S FORMULA

The program logic for computing the control-law gain vector F
or the transpose of the estimator gain vector gT, taken from

[(Ref. 9], is given in the following table.

TABLE

PROGRAM LOGIC FOR APPLICATION OF ACKERMANN'S FORMULA

1. Readin b, I T, and \,. the number of states.

Comment: first we will read in the desired pole locations in the «-plane. convert them
to z-plane poly nomial coetheients. and construct iy, A
30— dentity matnin, N, x N
4. ALPHA ~ |

S.h—1

6 1tA - N gotostep 18

7. Read in poie locution & as « ~ jh.

8. If A= 0, gotostep 14 o
9. A, — =2exptalycos bT . ’
e 4, —exp2uln

L ALPHA — ALPHA - b - b~ 4 - 4]
12 A ~—4 =2 e e
13 Gotostep b A
4. A, —expial)
IS, ALPHA — ALPHA - (b~ A, - D
16, A — A~ 1
7. Go 1o step 6.

REPRODUCED AT GOVERNMIENI £ xPENSE

I8, Comment: now we construct the controllubihity matrix. :

19 C —1 AR
20, E~T

2. h—1

220 IfA - N gotostep 28,

23. Comment: replace column & of C by E.
24. C{ :Al—FE

Wk —k -1 e
% E—® - E o

270 Gooto step 22,

K. Comment: now solve for the control law . tirst form ¢7 as the st row of 1.

W OE— 1\ ] S
0. Solve BC = E for B. .
AMOK =B - ALPHA
12 END
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APPENDIX F
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